The kinetics of fluctuations and switching of polarization in ferroelectrics, described by the Landau-Ginzburg Hamiltonian, is considered, based on a multi-dimensional Fokker-Planck equation. It describes the time evolution of the probability distribution function over the polarization field configurations in presence of a time-dependent external field. The Fokker-Planck equation in the Fourier representation is obtained, which can be solved numerically, including a finite number of modes. An example calculation is presented, showing the polarization hysteresis in the zero-mode (spatially homogeneous) approximation.
Introduction
The stochastic description of collective phenomena like phase transitions is a key destination in solid-state physics. The problems of this kind are nontrivial and usually are solved by means of the perturbation theory [1, 2, 3] . Here we study the kinetics of polarization switching in ferroelectrics, taking into account the spatio-temporal fluctuations of the polarization field, given by the Langevin and multi-dimensional Fokker-PLanck equations [4, 5] . The problem has been studied earlier [6, 7] by means of the Feynman diagram technique. Now we derive the Fokker-Planck equation in the Fourier representation, which is suitable for a numerical approach.
Basic equations
We consider a ferroelectric with the Landau-Ginzburg Hamiltonian
where P (x, t) is the local polarization and λ(x, t) is the time-dependent external field. Only such configurations of the polarization are allowed which correspond to the cut-off k < Λ in the Fourier space with Λ = π/a, where a is the lattice constant. Hamiltonian (1) can be approximated by a sum over discrete cells, where the size of one cell can be even larger than the lattice constant. It is a small domain with almost constant polarization. Thus, the Hamiltonian of a system with volume V reads
where ∆V = V /N is the volume of one cell, and the coordinates of their centers are given by the set of discrete d-dimensional vectors x ∈ R d . The stochastic dynamics of the system is described by the Langevin equatioṅ
where ξ(x, t) is the white noise, i. e.,
In the case of the Gaussian white noise, the probability distribution function
is given by the Fokker-Planck equation [5] 1 γ
In the equilibrium we have a vanishing flux which corresponds to the Boltzmann's distribution f ∝ exp(−H/θ) with θ = k B T .
Assuming periodic boundary conditions, we consider the Fourier transformation
The Fourier amplitudes are complex numbers
It is supposed that the total number of modes N is an odd number. It means that there is the mode with k = 0 and the modes with ±k 1 , ±k 2 , . . . , ±k m , where m = (N − 1)/2 is the number of independent nonzero modes.
The Fokker-Planck equation for the probability distribution function
where P ′ 0 ≡ P 0 ,Ω is the set of m independent nonzero wave vectors, and Ω includes also k = 0. Here the Fourier-transformed Hamiltonian is given by
Some of the variables in Eq. (8) are dependent according to P
is the Fourier transform of λ(x, t). The Fokker-Planck equation (7) can be written explicitly as
where
Spatially homogeneous case
The simplest case is spatially homogeneous polarization when only the k = 0 mode is retained in (9) with spatially homogeneous external field λ(x, t) = λ 0 (t) = A sin(ωt). In this case we have
In order to solve Eq. (12), monotone, exponential, nonlinear difference scheme has been elaborated, by using special exponential type substitution for the distribution function f (P 0 , t), as in paper [8] . This equation has been solved numerically within P 0 ∈ [−2; 2] at the values of parameters γ = V = β = 1, α = −1, θ = 0.05, A = 0.309, and ω = 10 −3 . The boundary conditions f (±2, t) = 0 and the initial condition
have been used with σ = 0.3,P = −1 for P 0 < 0, andP = 1 for P 0 > 0. The calculated mean polarizationP 0 depending on the external field λ 0 (t) forms a hysteresis loop shown in Fig. 1 .
Quasi one-dimensional case
Further we shall consider a quasi one-dimensional case, where a three-dimensional ferroelectric sample is stretched out in x-direction, i. e., L x ≫ L y and L x ≫ L z hold for the linear sizes. In this case we assume that the polarization as well as the external field depend only on coordinate x. It means that the wave vectors also have only one nonvanishing component, which is a scalar quantity k = (2π/L x ) · n, where n = 0, ±1, ±2, . . . , ±m.
As the first step, we include only one (m = 1) independent nonzero wave vector k 1 = 2π/L x (totally N = 3 wave vectors k = −k 1 , 0, k 1 ) and homogeneous external field λ(x, t) =
A sin(ωt). Furthermore, we assume that the probability distribution function in the real space is translation invariant at the initial time moment. Due to the translation symmetry of the model, it holds also at later times. In the Fourier representation, it means that the probability distribution function depends on the modulus of P k 1 , but not on its phase. Thus, we have
is the probability density in the (P 0 , | P k 1 |)-space. It obeys the Fokker-Planck equation
Since f is finite,f vanishes at | P k 1 |= 0. The physical boundary conditions correspond to zero flux at the boundaries P 0 = ±∞, | P k 1 |= 0, and | P k 1 |= ∞. Appropriate initial condition has to be choosen which fulfills these relations, e. g.,
Conclusions
In the present work a multi-dimensional Fokker-Planck equation has been derived, which describes the polarization-switching kinetics in a ferroelectric in presence of an external field. The probability distribution function, entering this equation, depends on a set of Fourier amplitudes. An example calculation has been performed in a spatially homogeneous approximation, retaining only the zero mode k = 0. The calculated mean polarization vs external field makes a hysteresis, as observed in real ferroelectrics.
